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On the Geometry of Hermitian Matrices of Order Three Over Finite
Fields
ANTONIO COSSIDENTE† AND ALESSANDRO SICILIANO
Some geometry of Hermitian matrices of order three over GF(q2) is studied. The variety coming
from rank 2 matrices is a cubic hypersurfaceM37 of PG(8, q) whose singular points form a varietyH
corresponding to all rank 1 Hermitian matrices. BesideM37 turns out to be the secant variety ofH.
We also define the Hermitian embedding of the point-set of PG(2, q2) whose image is exactly the
varietyH. It is a cap and it is proved that PGL(3, q2) is a subgroup of all linear automorphisms ofH.
Further, the Hermitian lifting of a collineation of PG(2, q2) is defined. By looking at the point
orbits of such lifting of a Singer cycle of PG(2, q2) new mixed partitions of PG(8, q) into caps and
linear subspaces are given.
c© 2001 Academic Press
1. INTRODUCTION
Let PG((m + 1)(n + 1) − 1, K ) be the projective space associated with the vector space
Mn+1,m+1(K ) of (m + 1)× (n + 1) matrices over the field K . For each r , let Mr (K ) be the
subset of matrices of rank r or less.
In [17] Segre studied the geometry of the projective varieties corresponding to Mr (K ) in
the case m = n and K an algebraically closed field of characteristic not two. In particular, he
was interested in the symmetric and skew-symmetric cases.
In this paper we study some geometry of Hermitian matrices of order three over a finite
field of square order.
Let K = GF(q2) be the finite field of order q2, q = ph , p prime, and let Hn+1(q2) be the
set of all (n + 1)× (n + 1) Hermitian matrices H = (hi j ) over GF(q2), that is matrices such
that H¯ t = H , where H¯ = (hqi j ).
Since the set Hn+1(q2) is an (n + 1)2–dimensional vector space over GF(q), analogously
to the symmetric and skew-symmetric cases, we associate a point of the projective space
PG((n + 1)2 − 1, q) to a non-zero matrix of Hn+1(q2), up to multiplication by a scalar in
GF(q). Such a correspondence turns out to be a bijection, and we call it the Hermitian corre-
spondence. In this correspondence the set of all Hermitian matrices of rank r ≤ n defines a
projective variety in the relevant space.
In Sections 2 we study the varieties arising from rank 1 and rank 2 Hermitian matrices of
order three.
In Section 3 we define the Hermitian embedding of the point-set of PG(2, q2) which resem-
bles the Veronese embedding [3, 10, 13]. The Hermitian embedding is birational and its image
is exactly the varietyH.
The varietyH has some other interesting properties. Indeed,H turns out to be a cap of size
q4+q2+1 in PG(8, q) [15]. In Section 4 we prove that PGL(3, q2) is a subgroup of all linear
automorphism preservingH.
Finally, in Section 5 we study the lifting of a Singer cycle of PG(2, q2) to a collineation
of PG(8, q). This is used to investigate projections of the variety H and to obtain new mixed
partitions of the projective space PG(8, q) into caps and linear subspaces.
†Author to whom correspondence should be addressed.
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2. THE HERMITIAN VERONESEAN OF PG(2, q2)
Let GF(q2) be the finite field with q2 elements, with q = ph , p a prime, and σ : x ∈
GF(q2) → x¯ ∈ GF(q2) the involutory automorphism of GF(q2) over GF(q). Here
x¯ = xσ = xq .
Let PG(2, q2) be the projective plane over GF(q2). A Hermitian variety U of PG(2, q2) is a
variety V(F), where F is a Hermitian form [11]. Let U (2, q2) denote the set of all Hermitian
varieties of PG(2, q2).
Under the action of the group PGL(3, q2) of all projectivities of PG(2, q2), the set U (2, q2)
falls into three orbits, namelyO1,O2 andO3 [11, Theorem 7.18]. The orbitO1 consists of all
completely degenerate Hermitian varieties, that is, single lines counted q + 1 times. The orbit
O2 consists of all simply degenerate Hermitian varieties, that is, q + 1 lines concurrent in a
point. Finally, the orbit O3 consists of all non-singular Hermitian varieties.
Let H3(q2) denote the set of all 3 × 3 Hermitian matrices H = (hi j ) over GF(q2), that is,
matrices such that H¯ t = H , where H¯ = (h¯i j ).
To every plane Hermitian variety U = V(F), with F = ∑2i, j=0 hi, j X¯ i X j one can asso-
ciate the Hermitian matrix H = (hi j ). Conversely, to any element H ∈ H3(q2) corresponds
a Hermitian variety V(X H X¯ t ), where X = (X0, X1, X2) is the point-coordinate vector of
PG(2, q2). From [11, Lemma 5.1] a plane Hermitian variety V(X H X¯ t ) is singular if and only
if the corresponding matrix H is singular. In addition, elements of O1 and O2 correspond to
matrices having rank 1 and rank 2.
In [18] the size of O1, O2 and O3 are calculated. More precisely |O1| = q4 + q2 + 1,
|O2| = q(q2 + 1)(q4 + q2 + 1), |O3| = q3(q2 + 1)(q3 − 1).
In the eight-dimensional projective space PG(8, q2) over the field GF(q2), let Y =
(Y¯k)0≤ j,k≤2 be the point coordinates vector (the notation Y¯k will be useful in Section 4
where we study the Hermitian embedding). Such a vector can also be arranged as a 3 × 3
matrix with entries in GF(q2), that is,
Y =
Y0¯0 Y0¯1 Y0¯2Y1¯0 Y1¯1 Y1¯2
Y2¯0 Y2¯1 Y2¯2
 .
The homogeneous polynomial D = det(Y) over GF(q) defines a cubic hypersurface V(D)
of PG(8, q2) whose singular points form the Segre variety S2,2 ' PG(2, q2)× PG(2, q2).
Let H ∈ H3(q2). Since we can represent GF(q2) in the form GF(q)[i], where i satisfies
the minimal equation X2 − ωX + 1 = 0, with ω ∈ GF(q), every element z ∈ GF(q2) has a
unique representation as x + iy with x, y ∈ GF(q) and z¯ = x + ı¯ y. So the coordinate vector
of the point of PG(8, q2) corresponding to H is
Y = (Y0, Y3 + iY4, Y5 + iY6, Y3 + ı¯Y4, Y1, Y7 + iY8, Y5 + i¯Y6, Y7 + ı¯Y8, Y2),
which lies in the non-canonical eight-dimensional subgeometry
S = {P(Y0, Y3 + iY4, Y5 + iY6, Y3 + ı¯Y4, Y1, Y7 + iY8, Y5 + ı¯Y6, Y7 + i¯Y8, Y2)
: Y j ∈ GF(q)}
of PG(8, q2). In fact the linear collineation ψ : PG(8, q2)→ PG(8, q2) defined by
ρY ′¯ j = Y¯ j ,
ρY ′¯k = (ı¯Y¯k − iYk¯ j )/(ı¯ − i), 0 ≤ j < k ≤ 2,
ρY ′¯k j = (Yk¯ j − Y¯k)/(ı¯ − i),
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gives an isomorphism between S and the Baer subgeometry {P(Y0, Y3, Y5, Y4, Y1, Y7, Y6, Y8,
Y2) : Y j ∈ GF(q)} ' PG(8, q) of PG(8, q2).
It follows that Hermitian matrices of rank 2 correspond bijectively to points of V(D) lying
on the subgeometry S. Similarly, Hermitian matrices of rank 1 correspond bijectively to points
of S2,2 lying on S.
Because of the above correspondence between 3 × 3 Hermitian matrices over GF(q2) and
Hermitian varieties of PG(2, q2), points of V(D) ∩ S represent plane Hermitian varieties of
rank 2 and points of S2,2 ∩ S represent plane Hermitian varieties of rank 1.
PROPOSITION 2.1. Both point-sets V(D)∩ S and S2,2 ∩ S are varieties of S. In particular
V(D) ∩ S is a cubic hypersurface of S.
PROOF. The points of V(D)∩ S are mapped by ψ onto the points of ψ(V(D)) ∩ PG(8, q).
Their coordinates satisfy the cubic equation D′ = 0 where
D′ = Y0Y1Y2 − Y0 · N (Y7 + iY8)− Y1 · N (Y5 + iY6)− Y2 · N (Y3 + iY4)
+T [(Y3 + iY4)(Y5 + ı¯Y6)(Y7 + iY8)]; (2.1)
here N (·) and T (·) are the norm and the trace linear maps of GF(q2) over GF(q). Taking into
account that i + ı¯ ∈ GF(q), i2 = ωi + 1 and ı¯2 = ωı¯ + 1 one can easily see that (2.1) belongs
to GF(q)[Y]. Hence V(D) ∩ S is a variety of S.
The points of S2,2 ∩ S are mapped by ψ onto the singular points of the variety ψ(V(D)) ∩
PG(8, q). It turns out that S2,2 ∩ S is a variety of S. 2
Let us denote the hypersurface V(D) ∩ S byM37 and the variety S2,2 ∩ S by H. We call the
latter variety the Hermitian Veronesean of PG(2, q2).
A straightforward calculation shows thatH can be also defined by the nine 2× 2 minors of
the matrix Y taking into account the substitutions of variables under the linear collineation ψ .
It turns out that H is an absolutely irreducible variety whose points are contained in S2,2
but it is not a subvariety of S2,2.
Using elementary algebraic geometry, it is easy to prove thatH is a non-singular variety of
dimension four.
If P1 and P2 are two distinct points of H, we define the secant line determined by P1 and
P2 to be the line of PG(8, q) joining P1 and P2. Let Sec H be the union of all secant lines of
H. We call this the secant variety ofH.
PROPOSITION 2.2. The variety Sec H is the varietyM37.
PROOF. Let P1 and P2 be two distinct points of H. Since H = SingM37, the line P1 P2
meetsM37 with multiplicity at least 2 in both P1 and P2. Since degM37 = 3, from Bezout’s
theorem, P1 P2 ⊂ M37. On the other hand, take a point Q ∈ M37. The Hermitian matrix H
representing Q has rank 1 or 2 . If rank(H) = 1, then Q ∈ H. If rank(H) = 2, from [18,
Theorem 5.2], there exists a non-singular matrix M , such that
M H M¯ t = a
1 0 00 0 0
0 0 0
+ b
0 0 00 1 0
0 0 0

with a, b ∈ GF(q). Then
H = aM−1
1 0 00 0 0
0 0 0
 (M¯−1)t + bM−1
0 0 00 1 0
0 0 0
 (M¯−1)t .
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Let
X = M−1
1 0 00 0 0
0 0 0
 (M¯−1)t
and
Y = M−1
0 0 00 1 0
0 0 0
 (M¯−1)t .
Since X and Y are rank 1 Hermitian matrices, their corresponding points R and S lie on H;
the point Q is on the line RS. 2
3. A BIRATIONAL CORRESPONDENCE OF THE POINTS OF PG(2, q2)
Let ϕ : PG(2, q2) → PG(8, q2) be the map defined by sending the point P(X0, X1, X2)
to P(. . . , X¯ j Xk, . . . ), 0 ≤ j, k ≤ 2. Let the homogeneous coordinate vector of PG(8, q2) be
Y = (Y¯k)0≤ j,k≤2.
Note that ϕ is well defined and injective. We call the birational correspondence ϕ the Her-
mitian embedding of PG(2, q2) and we denote by Ĥ the image of such correspondence.
The subset Ĥ is contained in the Segre variety S2,2 ' PG(2, q2) × PG(2, q2). In fact
Ĥ = {(P¯, P)δ : P ∈ PG(2, q2)}, where δ is the Segre map sending PG(2, q2) × PG(2, q2)
onto S2,2.
THEOREM 3.1. The point-set Ĥ is the varietyH.
PROOF. We note that zk¯ j = z¯k , 0 ≤ j ≤ k ≤ 2 for any point P = P(. . . , z¯k, . . . ) in the
subgeometry S.
Looking at the coordinate vector of any point of Ĥ , it is easy to see that Ĥ ⊆ H.
Conversely, let P = P(. . . , z¯k, . . . ) be a point ofH. We can suppose z0¯0 = 1. If the points
P1 = P(x0, x1, x2) and P2 = P(x ′0, x ′1, x ′2) of PG(2, q2) define the given point P ∈ S2,2, then
x0x ′0 6= 0. Hence we can assume x0 = x ′0 = 1.
It follows that z0¯k = x0x ′k = x ′k and zk¯0 = xk x ′0 = xk , for k = 0, 1, 2. Since P ∈ S, we get
x ′k = x¯k and P2 = P(x¯0, x¯1, x¯2). Again, P ∈ S2,2 implies
z¯k = z0¯0z¯k = z0¯k z¯0 = x¯k x j
for any 0 ≤ j, k ≤ 2. Hence Ĥ = H. 2
PROPOSITION 3.2. There is a bijection between Hermitian varieties of PG(2, q2) and hy-
perplane sections of ψ(H) defined over GF(q).
PROOF. Let U = V(F) ∈ U(2, q2) with
F =
∑
j
h j j X¯ j X j +
∑
0≤ j<k≤2
(h jk X¯ j Xk + h¯ jk X¯k X j ),
h j j ∈ GF(q), h jk ∈ GF(q2). The points of U are mapped by ϕ into points of PG(8, q2)whose
coordinates satisfy the hyperplane equation∑
j
h j j Y¯ j +
∑
0≤ j<k≤2
(h jkY¯k + h¯ jkYk¯ j ) = 0. (3.1)
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The map ψ transforms (3.1) in∑
j
h j j Y ′¯ j +
∑
0≤ j<k≤2
[(h jk + h¯ jk)Y ′¯k + (ih jk + ı¯ h¯ jk)Y ′¯k j )] = 0.
which is an hyperplane equation defined over GF(q). Conversely let
5′ :
∑
j
a¯ j Y ′¯ j +
∑
0≤ j<k≤2
(a¯kY ′¯k + ak¯ j Y ′¯k j ) = 0
be a hyperplane of PG(8, q2) defined over GF(q). Via ψ−1, 5′ is mapped to the hyperplane
5 :
∑
j
a j j Y¯ j +
∑
0≤ j<k≤2
[(ı¯a¯k − ak¯ j )Y¯k + (ak¯ j − ia¯k)Yk¯ j )]/(ı¯ − i) = 0 (3.2)
and the intersection of5′ with ψ(H) is mapped to the intersection of5 andH. It is clear that
the points ofH ∩5 are the image of the Hermitian variety U = V(F) with
F =
∑
j
a j j X¯ j X j +
∑
0≤ j<k≤2
[(ı¯a¯k − ak¯ j )X¯ j Xk + (ak¯ j − ia¯k)X¯k X j )]/(ı¯ − i) = 0.
2
REMARK 3.3. In [16] a new ovoid of the nonsingular hyperbolic quadric Q+(7, q) of
PG(7, q) when q ≡ 0 or 2(mod3) was studied; this ovoid is called unitary ovoid.
In [15] it was proved that for such q’s unitary ovoids are given by hyperplane sections of
ψ(H) corresponding to nonsingular hermitian varieties of PG(2, q2).
From Proposition 3.2 and since no plane Hermitian variety contains all points of PG(2, q2)
we state the following result.
COROLLARY 3.4. No hyperplane of PG(8, q) containsH.
PROPOSITION 3.5. The varietyH has degree (q + 1)4.
PROOF. Again we consider the extension H˜ of H in PG(8, K ). Consider four linearly in-
dependent hyperplanes through a four-dimensional subspace of PG(8, K ). From Proposition
3.2 and Bezout’s theorem we get the result.
Since the map ϕ is a bijection, any projectivity ξ of PG(2, q2) defines a permutation ξ ′ ofH.
LEMMA 3.6. For any projectivity ξ of PG(2, q2), there exists a unique projectivity ξ̂ of
PG(8, q) which induces ξ ′ onH.
PROOF. Let ξ be an element of PGL(3, q2). The map η = ϕ ◦ ξ ◦ ϕ−1 is a permutation
of the hyperplanes of PG(8, q). Since ξ maps pencils of Hermitian varieties into pencils of
Hermitian varieties, η maps pencils of hyperplanes into pencils of hyperplanes. Also, ξ pre-
serves the cross-ratio of any four elements of a pencil of Hermitian varieties of PG(2, q2).
Then η is a projectivity mapping hyperplanes of PG(8, q) into hyperplanes of PG(8, q). The
corresponding projectivity ξ̂ acting on points of PG(8, q) preservesH and induces ξ ′ onH.
Now suppose there exist ξ̂1 and ξ̂2 in PGL(9, q) inducing ξ ′ onH. Then η′ = ξ̂1 ◦ ξ̂2 is the
identity map on H. Suppose η′ is not the identity of PGL(9, q). From Corollary 3.4, H gen-
erates PG(8, q). Hence there exist nine linearly independent points P0, . . . , P8 on H. Since
η is not the identity, there exists a hyperplane generated by eight points in {P0, . . . , P8} con-
taining H \ {P0, . . . , P8}. This implies the existence of a plane Hermitian variety containing
q4 + q2 points. Since a plane Hermitian variety has either q2 + 1 or q3 + q2 + 1 or q3 + 1
points, according to whether the rank of the corresponding matrix is 1, 2 or 3 respectively [1,
Theorem 8.1 and Corollary], we get a contradiction. Hence η is the identity of PG(8, q). 2
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THEOREM 3.7. Let ` be a line of PG(2, q2). Then ` is mapped bijectively by ϕ to an elliptic
quadric E onH which is the complete intersection ofH with a suitable PG(3, q).
PROOF. By Lemma 3.6 we can suppose ` : X0 = 0; so ` = {P(0, 1, t) : t ∈ GF(q2)} ∪
{P(0, 0, 1)}.
Then ϕ(`) is the point set
E = {P(0, 0, 0, 0, 1, t, 0, t¯, t¯ t) : t ∈ GF(q2)} ∪ {P(0, 0, 0, 0, 0, 0, 0, 0, 1)}
of PG(8, q2). It is clear that E is contained in the three-dimensional subspace6 with equations
Y0¯0 = Y0¯1 = Y0¯2 = Y1¯0 = Y2¯0 = 0.
Since t = u + iv, u, v ∈ GF(q), we can write
E ∩6 = {P(1, u + iv, u + ı¯v, u2 + (i + ı¯)uv + v2) : u, v ∈ GF(q)} ∪ {P(0, 0, 0, 1)}.
The restriction of ψ to 6 gives the linear collineation
µ : 6 −→ 6
(Y1¯1, Y1¯2, Y2¯1, Y2¯2) 7−→ (Y1¯1, (ı¯Y1¯2 − iY2¯1)/(ı¯ − i), (Y2¯1 − Y1¯2)/(ı¯ − i), Y2¯2)
which maps E into the elliptic quadric
µ(E) = {P(1, u, v, u2 + (i + ı¯)uv + v2) : u, v ∈ GF(q)} ∪ {P(0, 0, 0, 1)}
and we get the result. 2
THEOREM 3.8 ([15]). The varietyH is a (q4 + q2 + 1)-cap of PG(8, q).
PROOF. Suppose that H contains three distinct collinear points, say P1, P2, P3. Let P ′i =
(ϕ)−1 Pi ,i = 1, 2, 3. From Theorem 3.7 and since any three-dimensional elliptic quadric is a
cap, the points P ′1, P
′
2, P
′
3 are not collinear.
The set of all plane Hermitian varieties containing P ′1, P
′
2, P
′
3 has cardinality (q
7− 1)/(q−
1). Since ϕ is a bijection between such varieties and hyperplanes of PG(8, q) passing through
P1, P2, P3 and hyperplanes of PG(8, q) passing through three collinear points are in number
of (q6 − 1)/(q − 1), we get a contradiction. 2
4. THE VARIETY H AND NORMAL LINE SPREADS
Let PG(5, q2) be the five-dimensional projective space over GF(q2) and (X0, . . . , X5) the
point coordinates vector of PG(5, q2). Let τ : PG(5, q2) → PG(5, q2) be the map defined
by sending the point P(X0, . . . , X5) to P(X¯3, X¯4, X¯5, X¯0, X¯1, X¯2). It turns out that the points
fixed by τ form a subgeometry 0 of PG(5, q2) isomorphic to PG(5, q). Let pi be the plane of
PG(5, q2) with equations X3 = X4 = X5 = 0. Then p¯i has equations X0 = X1 = X2 = 0,
and pi is disjoint from 0.
For each point P ∈ pi let `(P) be the line joining the points P and P¯ . Then F = {`(P) :
P ∈ pi} is a line spread (see [9]) of 0 which is normal. We recall that a line spread F
of PG(5, q) is said to be normal if F induces a spread in any subspace generated by two
elements of F , that is, if 3 = 〈A, B〉 with A, B ∈ F then an element of F is either disjoint
from 3 or is contained in 3. The line spread F has the property that if a three-dimensional
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subspace T of 0 contains two of its elements then there exists a line m of pi such that the
regular spread induced by F on T consists of lines incident m and m.
In [15], Lunardon shows that the normal spread F can be represented on the Grassmannian
G1,5 of lines of PG(5, q) by a variety V which is the complete intersection of G1,5 with the
eight-dimensional subspace S.
Besides, Lunardon shows that a point P ∈ S lies on V if and only if P = P(. . . , X j Xk, . . . ),
0 ≤ j, k ≤ 2. Hence the variety V coincides with our varietyH.
PROPOSITION 4.1. Every elliptic quadric contained inH comes from a line of PG(2, q2).
PROOF. Let E be a an elliptic quadric (of a three-dimensional projective subspace [12]) in
H and suppose there are three points P ′0, P ′1, P ′2 ∈ E such that Pi = ϕ−1 P ′i are three non
collinear points of PG(2, q2). Let ξ be a linear collineation of PG(2, q2) mapping Pi onto the
fundamental points Ui , i = 0, 1, 2 and let ξ̂ be its corresponding collineation of PGL(9, q)
fixingH. We denote by U ′i the points ϕUi ∈ H.
It is clear that ξ̂ sends the plane pi = 〈P ′0, P ′1, P ′2〉 onto the plane pi ′ = 〈U ′0,U ′1,U ′2〉 and
maps pi ∩ H onto pi ′ ∩ H. Since E is an elliptic quadric, pi ∩ H is a conic C; hence pi ′ ∩ H
should also be a conic.
A straightforward calculation shows that the plane pi ′ intersects H in just the points U ′i ,
i = 0, 1, 2. Then we get a contradiction. 2
COROLLARY 4.2. The variety H is union of elliptic quadrics mutually intersecting in
a point.
PROOF. The result comes from the fact that two lines of PG(2, q2) share a point. 2
COROLLARY 4.3. There exists a bijection between non-singular Hermitian varieties of
PG(2, q2) and hyperplanes section ofH not containing elliptic quadrics.
PROPOSITION 4.4 ([15]). Any Baer subplane of PG(2, q2) is mapped onto a Veronese
surface ofH.
Let G(H) = {ζ ∈ PGL(9, q) : ζ(H) = H}. Clearly G(H) is a subgroup of PGL(9, q). We
have seen in Lemma 3.6 that to any linear collineation ξ of PG(2, q2) corresponds a unique
element ξ̂ of G(H). Hence, the group PGL(3, q2) is a subgroup of G(H) via the map
θ : PGL(3, q2) −→ G(H)
ξ 7−→ ξ̂ .
REMARK 4.5. Since PGL(3, q2) acts two-transitively on PG(2, q2), the subgroup G(H)
of PGL(9, q) is two-transitive onH.
For further results on G(H) see [6].
5. HERMITIAN LIFTING OF A SINGER CYCLE OF PG(2, q2)
From Lemma 3.6 every linear collineation of PG(2, q2) can be lifted to a unique linear
collineation of PG(8, q) fixing the Hermitian VeroneseanH setwise.
Given a projectivity ξ of PG(2, q2), we call the corresponding projectivity of PG(8, q),
denoted by ξ (H), the Hermitian lifting of ξ , or briefly theH-lifting of ξ .
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THEOREM 5.1. Let ξ be a linear collineation of PG(2, q2) with matrix representation A =
(ai j ), i, j = 0, 1, 2. The matrix representation of theH-lifting ξ (H) of ξ is A(H) whose generic
column is
(a¯0i a0 j , a¯0i a1 j , a¯0i a2 j , a¯1i a0 j , a¯1i a1 j , a¯1i a2 j , a¯2i a0 j , a¯2i a1 j , a¯2i a2 j )
with 0 ≤ i, j ≤ 2.
PROOF. The action of ξ on a point P(X) of PG(2, q2) is P(X) 7→ P(AX t ). In particular
ξ :
V0 = P(1, 0, 0) 7→ P(a00, a10, a20)
V1 = P(0, 1, 0) 7→ P(a01, a11, a21)
V2 = P(0, 0, 1) 7→ P(a02, a12, a22)
V3 = P(1,−i, 0) 7→ P(a00 − ia01, a10 − ia11, a20 − ia21)
V4 = P(1, ı¯, 0) 7→ P(a00 + ı¯a01, a10 + ı¯a11, a20 + i¯a21)
V5 = P(1, 0,−i) 7→ P(a00 − ia02, a10 − ia12, a20 − ia22)
V6 = P(1, 0, ı¯) 7→ P(a00 + ı¯a02, a10 + i¯a12, a20 + ı¯a22)
V7 = P(0, 1,−i) 7→ P(a01 − ia02, a11 − ia12, a21 − ia22)
V8 = P(0, 1, ı¯) 7→ P(a01 + ı¯a02, a11 + ı¯a12, a21 + ı¯a22)
V = P(1, 1, 1) 7→ P(a00 + a01 + a02, a10 + a11 + a12, a20 + a21 + a22)
The action of ξ on the points Vi and V yields the action of ξ (H) on the points W j = ϕ(V j ),
j = 0, . . . , 8 and W = ϕ(V ) of PG(8, q2) ∩ S.
Since (by abuse of notation) W = (i+ ı¯)(W0+W1+W2)+W4−W3+W6−W5+W8−W7,
the points Wi form a frame of PG(8, q2) ∩ S.
Multiplying the column-vectors Wi and W by the matrix A(H), we obtain the same action
of ξ (H) on PG(8, q2) ∩ S. 2
Now we are interested in theH-lifting of a Singer cycle of PG(2, q2) (see [14]).
Let ω be a primitive element of GF(q6) over GF(q2) and let f be its minimal polynomial
over GF(q2). The companion matrix C( f ) of f which is a Singer cycle, say T , of GL(3, q2),
is conjugate in GL(3, q6) to the diagonal matrix
D = diag(ω, ωq2 , ωq4)
and it defines a Singer cycle γ of PG(2, q2).
TheH-lifting D(H) of D is the matrix
diag(ωq+1, ωq+q2 , ωq+q4 , ωq3+1, ωq3+q2 , ωq3+q4 , ωq5+1, ωq5+q2 , ωq5+q4)
in GL(9, q6), and the matrices T (H) and D(H) are conjugate in GL(9, q6). It follows that
T (H) has the following canonical form in GL(9, q2):T q+1 0 00 T q3+1 0
0 0 T q5+1
 .
If we regard ω as a primitive element of GF(q6) over GF(q), we note that the entries
ωq+1, ωq(q+1), ωq2(q+1), ωq3(q+1), ωq4(q+1), ωq5(q+1) in D(H) are distinct elements of GF(q6)
conjugate over GF(q). Similarly, the entries ωq3+1, ωq(q3+1), ωq2(q3+1) in D(H) are distinct
elements of GF(q3) conjugate over GF(q).
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Hence, T (H) has a canonical form (over G F(q)) which is the block diagonal matrix(
T q+11 0
0 T2
)
where T q+11 is the (q + 1)th power of a Singer cycle T1 of GL(6, q) and T2 is one of the two
equal 3× 3 blocks of the (q3 + 1)th power of T1.
From a geometric point of view, the cyclic group G = 〈γ (H)〉 fixes a five-dimensional
projective subspace 61 and a plane 62 setwise. By Theorem 5.1 G fixesH.
LEMMA 5.2. The order of G is q4 + q2 + 1.
PROOF. The eigenvalues of T (H) are ωq+1 and all its conjugate in GF(q6) over GF(q), and
ωq
3+1 and all its conjugate in GF(q3) over GF(q), where ω is regarded as a primitive element
of GF(q6) over GF(q2). It turns out that
ω(q+1)n = ω(q3+1)n
for n = q4 + q2 + 1; then the order of γ (H) is a divisor of n. Assume that the order of γ (H)
is k < q4 + q2 + 1. We have
ω(q+1)k = ω(q3+1)k .
It follows that ω(q3−q)k = 1; hence q4 + q2 + 1|qk . Since (q4 + q2 + 1, q) = 1, necessarily
q4 + q2 + 1|k, a contradiction. 2
LEMMA 5.3. The group G acts semiregularly on the points of PG(8, q) not in 61 ∪62.
PROOF. Assume that Q = (γ (H))i Q for some i , with 1 ≤ i < q4 + q2 + 1, and Q a point
of PG(8, q) \ {61 ∪ 62}. This means that T q+11 and T2 have a common non-zero eigenvalue
in GF(q), say λ; that is,
λ = ω(q+1)i = ω(q3+1)q j i ,
for some j ∈ {0, 1, 2}.
Since λ ∈ GF(q), we have that λ = λq3− j = ω(q3+1)i , and so
ω(q+1)i = ω(q3+1)i ,
and we conclude as in the previous Lemma. 2
THEOREM 5.4. The three-dimensional projective space 〈61, 62〉 can be partitioned into a
five-dimensional subspace, a plane, and (q2 − 1)(q2 + q + 1) Hermitian Veroneseans.
PROOF. The proof is similar to that of [2, Proposition 2] taking into account that a Her-
mitian Veronesean always contains a frame; in fact the canonical form of C( f )(H) has nine
distinct eigenvalues in GF(q6). 2
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REMARK 5.5. Using the software package MAGMA [4] we were able to find a complete
cap K2 of PG(8, 2), that is, a maximal cap with respect the set-theoretic inclusion. Further,
with K2 it is associated a new optimal [67, 9, 30] binary code. Also, for q = 3 we found
a pretty big complete cap K3 in PG(8, 3). It has size (3 + 1)(34 + 32 + 1) = 364 and it
is obtained by gluing together four disjoint Hermitian Veroneseans in the mixed partition
constructed above. The cap K3 is given by the orbits of the points P(1, 0, 0, 0, 0, 1, 0, 0, 1),
P(1, 1, 0, 0, 1, 1, 1, 0, 0), P(0, 0, 1, 1, 1, 1, 1, 1, 1) and P(1, 0, 1, 0, 0, 1, 0, 1, 0) under the ac-
tion of the group G generated by
γ (H) =

0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
2 0 0 2 1 1 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 2 1 0

.
We note that the size of K3 is (q6 − 1)/(q − 1), for q = 3. With K3 it is associated a
ternary [364,9,234]–code C . The dual code C⊥ is a quasi-perfect ternary [364, 355, 4]–code
with covering–radius two.
For more details on the above codes, see [7].
Considering ω as a primitive element of GF(q6) over GF(q), it defines a Singer cycle γ ′ of
PG(5, q) whose associated matrix is the matrix T1 introduced above.
The second exterior power [5] 3(2)(T1) of T1 is conjugate in GL(15, q6) to the diagonal
matrix
3(2)(D) = diag (ωq+1, ωq2+1, ωq3+1, ωq4+1, ωq5+1, ωq2+q , ωq3+q , ωq4+q ,
ωq
5+q , ωq3+q2 , ωq4+q2 , ωq5+q2 , ωq4+q3 , ωq5+q3 , ωq5+q4).
The matrix 3(2)(T1) has the following block rational form:T
q+1
1
T q
2+1
1
T2
 .
The linear collineation γ̂ of PG(14, q) defined by 3(2)(T1) preserves the Grassmannian G1,5
of the lines of PG(5, q).
From a geometric point of view, γ̂ fixes two five-dimensional projective subspaces of
PG(14, q) and a plane setwise. The plane and one of the two five-dimensional subspaces
can be chosen as 62 and 61. We denote by 63 the other subspace.
In [8], Ebert et al. proved that there exists at least one orbit of size (q6 − 1)/(q − 1) of γ̂
inside G1,5 which is a cap; we call this cap an EMS-cap. Such a cap turns out to be an orbit of
the exterior square of γ ′.
Consider the eight-dimensional subspace 6 of PG(14, q) generated by 61 and 62. The
linear collineation γ̂ induces the collineation γ (H) on 6. In fact its matrix representation is(
T q+11
T2
)
.
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We have already seen that its order is q4 + q2 + 1 and the non-linear orbits are Hermitian
Veronesean partitioning 6 \ {61 ∪62}.
PROPOSITION 5.6. A Hermitian Veronesean is the projection of an EMS-cap.
PROOF. In PG(14, q) consider the cone C whose vertex is 63. Each six-dimensional gen-
erator g of C generated by 63 and a point P of the EMS-cap O meets 6 exactly in one point
P ′. Since O generates the whole PG(14, q), the point P ′ lies neither in 61 nor in 62. This
means that O is projected onto a non-linear orbit of G and g meets O in exactly q + 1 points.
2
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